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In this paper, we study the Casimir effect in a curved spacetime described by gravitational actions
quadratic in the curvature. In particular, we consider the dynamics of a massless scalar field confined
between two nearby plates and compute the corresponding mean vacuum energy density and pressure
in the framework of quadratic theories of gravity. Since we are interested in the weak-field limit, as
far as the gravitational sector is concerned we work in the linear regime. Remarkably, corrections
to the flat spacetime result due to extended models of gravity (although very small) may appear at
the first-order of our perturbative analysis, whereas general relativity contributions start appearing
at the second order. Future experiments on the Casimir effect might represent a useful tool to test
and constrain extended theories of gravity.
I. INTRODUCTION
Einstein’s general relativity (GR) has undergone many
challenges in the last century, but it always proved its
worth thanks to high precision experiments which have
confirmed a plethora of its predictions [1]. Despite its
extraordinary achievements, there are still open ques-
tions which need to find an answer, that is nowhere to be
found in GR. For instance, in the short-distance (ultra-
violet) regime, from a classical point of view Einstein’s
theory turns out to be incomplete due to the presence of
black holes and cosmological singularities, whereas from
a quantum perspective it fails to be a renormalizable the-
ory. On the other hand, at large scales GR is not capable
of coming up with an explanation for dark matter and
dark energy, even though their presence is strongly sup-
ported by observational data already available for a long
time.
In the past years, all these fundamental issues stim-
ulated a vivid investigation revolving around a plausi-
ble extension of Einstein’s GR domain. Among all the
theories that popped out with the above intent, one
of the straightforward approach consists of generalizing
the Einstein-Hilbert action by including terms which are
quadratic in the curvature, for example R2, RµνRµν
and RµνρσRµνρσ . First interesting results in the con-
text of quadratic gravity can be attributed to Stelle [2],
who showed that a gravitational theory described by
the Einstein-Hilbert action with the addition of R2 and
RµνRµν turns out to be power-counting renormalizable.
However, this apparatus lacks of predictability due to
the presence of a massive spin-2 ghost degree of freedom
which breaks unitarity at the quantum level, when the
standard quantization prescription is adopted 1. Despite
the presence of the ghost field, such a theory can still be
1 See Refs. [3, 4] for recent investigations where the theory is made
unitary using an alternative quantization prescription where the
massive spin-2 is not a ghost but becomes a fake degree of free-
dom (fakeon) which preserves the optical theorem.
considered predictive as an effective field theory whose
validity is accurate at energy scales lower than the cut-
off represented by the mass of the ghost. Another im-
portant improvement of quadratic gravity can be found
in the Starobinski-model of inflation [5], which is able
to suitably explain the current data; differently from the
model of Stelle, here only the term R2 shows up in the
quadratic part of the action. It is also worthwhile to high-
light that gravitational actions with quadratic curvature
corrections were taken into account in several different
frameworks (see for example Refs. [6–17]).
The models so far discussed have been developed em-
ploying local quadratic theories of gravity, which means
that the corresponding Lagrangian depends polynomially
on the fields and their derivatives. In recent years, also
non-local quadratic theories have aroused a significant
interest, since the presence of non-local form-factors in
the gravitational action may be useful both to solve the
problem of ghosts and to considerably improve the ultra-
violet behavior of the quantum theory (see Refs. [18–24]
for more details).
On the other hand, all the models introduced up to
now can be argument of further theoretical treatment.
Indeed, as already anticipated, they can be included
in countless applications of the most disparate physical
frameworks. For what concerns our work, we are mainly
focused on the analysis of the Casimir effect when the
spacetime background is described by quadratic theories
of gravity. The Casimir effect is a concrete manifestation
of quantum field theory (QFT), which occurs whenever
a quantum field is bounded in a finite region of space.
Since it was firstly introduced to the scientific commu-
nity [25], it has risen a constant interest and investiga-
tive efforts, due to the possibility of extrapolating sub-
stantial pieces of information from experiments. Such a
statement holds true not only for the case in which the
Casimir effect is analyzed in flat spacetime [26], but also
when the confinement of the quantum field occurs in a
curved background [27, 28], and even when Lorentz sym-
metry is violated [29, 30] or mixed fields are considered
[31].
In this article, we study the Casimir effect in a curved
2spacetime emerging from a pure gravitational action
quadratic in the curvature invariants. For this purpose,
we closely follow the approach introduced in Ref. [32],
in which the authors analyze a scalar-tensor fourth order
action stemmed from a non-commutative geometric the-
ory. In contrast, we analyze the dynamics of a massless
scalar field between two nearby plates in a curved back-
ground described by quadratic theories of gravity and in
the weak-field limit.
The paper is organized as follows: in Section II, we
briefly review the most important features of gravita-
tional theories whose action is quadratic in the curvature
invariants, with a peculiar attention to the linearized so-
lutions. In Section III, we study the dynamics of the
massless scalar field in the context of the Casimir effect
with a curved background. Section IV is devoted to the
calculation of the main physical quantities of the Casimir
effect, namely the mean vacuum energy density and the
pressure, for several quadratic theories of gravity. Section
V contains discussions and conclusion.
Throughout the whole paper, the adopted metric sig-
nature is diag (−,+,+,+) and natural units c = ~ = 1
are used.
II. QUADRATIC THEORIES OF GRAVITY
Let us consider the most general gravitational action
which is quadratic in the curvature, parity-invariant and
torsion-free [14, 20–23]
S =
1
2κ2
ˆ
d4x
√−g
{
R+ 1
2
(RF1()R+RµνF2()Rµν
+RµνρσF3()Rµνρσ)} ,
(1)
where κ :=
√
8πG,  = gµν∇µ∇ν is the d’Alembert
operator in curved spacetime and the form-factors Fi()
are generic operators of  that can be either local or
non-local
Fi() =
N∑
n=0
fi,n
n, i = 1, 2, 3. (2)
In what follows, we deal with both positive and negative
powers of the d’Alembertian, which means we consider
both ultraviolet and infrared modifications of Einstein’s
general relativity. Note that, if n > 0 and N is finite
(namely, N < ∞), we have a local theory of gravity of
order 2N + 2 in derivatives, whereas if N = ∞ and/or
n < 0 we have a non-local theory of gravity whose form-
factors Fi() are not polynomials of .
Our primary aim is to study the Casimir effect between
two plates in a slightly curved background described by
the action in Eq. (1). Thus, we can apply a weak-field
approximation in order to derive the linearized regime of
Eq. (1) around the Minkowski background ηµν
gµν = ηµν + κhµν , (3)
where hµν is the linearized metric perturbation.
At the linearized level, the relevant contribution com-
ing from the action is of the order O(h2); in such a
regime, the term RµνρσF3()Rµνρσ in Eq. (1) can be
safely neglected. Indeed, if we do not exceed the afore-
mentioned order of expansion, it is always possible to
rewrite the Riemann squared contribution in terms of
Ricci scalar and Ricci tensor squared by virtue of the
following identity:
RµνρσnRµνρσ = 4RµνnRµν −RnR+O(R3) + div,
(4)
where div stands for total derivatives and O(R3) only
contributes at order O(h3). Hence, in the linearized
regime we can set F3() = 0 without loss of generality.
A. Linearized metric solutions: point-like source in
a weak-field limit
We now want to linearize the action Eq. (1) and an-
alyze the corresponding linearized field equations. By
expanding the spacetime metric around the Minkowski
background as in Eq. (3), the quadratic gravitational ac-
tion up to the order O(h2) reads [21]
S =
1
4
ˆ
d4x
{
1
2
hµνa()h
µν − hσµa()∂σ∂νhµν
+hc()∂µ∂νh
µν − 1
2
hc()h
+
1
2
hλσ
a()− c()

∂λ∂σ∂µ∂νh
µν
}
,
(5)
where h ≡ ηµνhµν and
a() = 1 +
1
2
F2() ,
c() = 1− 2F1()− 1
2
F2() .
(6)
The related linearized field equations are represented by
a()
(
hµν − ∂σ∂νhσµ − ∂σ∂µhσν
)
+ c() (ηµν∂ρ∂σh
ρσ
+ ∂µ∂νh− ηµνh) + a()− c()

∂µ∂ν∂ρ∂σh
ρσ = −2κ2Tµν ,
(7)
where
Tµν = − 2√−g
δSm
δgµν
, (8)
is the stress-energy tensor generating the gravitational
field, with Sm being the matter action.
We are interested in finding the expression for the lin-
3earized metric generated by a static point-like source2:
ds2 = −(1 + 2Φ)dt2 + (1− 2Ψ)(dr2 + r2dΩ2), (9)
where Φ and Ψ are the metric potentials generated by
Tµν = mδ
0
µδ
0
νδ
(3)(~r). (10)
By using κh00 = −2Φ, κhij = −2Ψδij, κh = 2(Φ − 3Ψ)
and assuming the source to be static, that is  ≃ ∇2,
T = ηρσT
ρσ ≃ −T00 = −ρ , the field equations for the
two metric potentials read3
a(a− 3c)
a− 2c ∇
2Φ(r) = 8πGρ(r),
a(a− 3c)
c
∇2Ψ(r) = −8πGρ(r),
(11)
where a ≡ a(∇2), c ≡ c(∇2) and ρ(r) = mδ(3)(~r).
We can solve the two differential equations in Eq. (11)
by employing Fourier transform and then anti-transform
to coordinate space. Thus, we obtain
Φ(r) = −8πGm
ˆ
d3k
(2π)3
1
k2
a− 2c
a(a− 3c)e
i~k·~r
= −4Gm
πr
ˆ ∞
0
dk
a− 2c
a(a− 3c)
sin(kr)
k
,
Ψ(r) = 8πGm
ˆ
d3k
(2π)3
1
k2
c
a(a− 3c)e
i~k·~r
=
4Gm
πr
ˆ ∞
0
dk
c
a(a− 3c)
sin(kr)
k
,
(12)
where a ≡ a(k2) and c ≡ c(k2).
It is immediate to observe that, if a = c, the two metric
potentials coincide, Φ = Ψ. Therefore, as a special case
we recover general relativity
a = c = 1 =⇒ Φ(r) = Ψ(r) = −Gm
r
, (13)
as expected.
III. MASSLESS SCALAR FIELD IN A CURVED
BACKGROUND AND THE CASIMIR EFFECT
We now want to study the behavior of a massless scalar
field ψ(t, ~r) confined between two plates and embedded
in a gravitational field (see Fig 1); to this aim, we basi-
cally follow the procedure presented in Ref. [32].
2 Note that the linearized metric in Eq. (9) is expressed in isotropic
coordinates, where dr2 + r2dΩ2 = dx2 + dy2 + dz2.
3 In order to obtain the differential equations in Eq. (11), we have
considered and combined the trace and (00)-component of the
field equations in Eq. (7).
FIG. 1: In this picture, the configuration of the Casimir-like
system in a gravitational field is represented.
In the configuration of Fig. 1, ψ(t, ~r) obeys the follow-
ing field equation [33]:
(+ ξR)ψ(t, ~r) = 1√−g∂α
[√−g gαβ ∂βψ(t, ~r)]
+ξRψ(t, ~r) = 0 ,
(14)
where ξ is the coupling parameter between geometry and
matter4. For simplicity, we consider the massless scalar
field ψ(t, ~r) confined between two parallel plates sepa-
rated by a distance L and with extension S, placed at
a distance R from the gravitational non-rotating source
(R≫ L,√S).
We select a reference frame with the origin in the point-
like source of gravity and the z-axis along the radial di-
rection, perpendicular to the surface of the plates. We
can then expand the metric tensor components and R(~r)
around the distance R along the z direction by using the
gravitational potentials Φ(~r) and Ψ(~r) given in Eq. (12)
g00(~r) ≃ −1− 2Φ0 − 2Φ1 z ,
gij(~r) ≃ 1− 2Ψ0 − 2Ψ1 z ,
R(~r) ≃ R0 +R1 z ,
(15)
4 It is worth noting that higher-order couplings in the curvature
between matter and geometry can in principle be inserted in the
analysis, but since we are dealing with the linearized regime only
the contribution Rψ survives in the field equations, which means
that in the action we only consider the non-minimal coupling
Rψ2.
4where
Φ0 = Φ(R), Φ1 =
dΦ(r)
dr
∣∣∣
r=R
,
Ψ0 = Ψ(R), Ψ1 =
dΨ(r)
dr
∣∣∣
r=R
, (16)
R0 = R(R), R1 = dR(r)
dr
∣∣∣
r=R
,
and the variable z is free to range in the interval [0, L].
Adopting the metric Eq. (15), the field equation for
the scalar field ψ(t, ~r) of Eq. (14) becomes
ψ¨(t, ~r) −
[
1 + 4η + 4γz
]
∇2ψ(t, ~r)
+ ξ
[
R0 +R1z
]
ψ(t, ~r) = 0 , (17)
where the dot indicates a derivative with respect to t,
and
η ≡ Φ0 +Ψ0 ,
γ ≡ Φ1 +Ψ1 .
(18)
In order to solve Eq. (17) we perform the ansatz
ψ(t, ~r) = N Υ(z) ei (ωt−
~k⊥·~r⊥) , (19)
where ~k⊥ ≡ (kx, ky), ~r⊥ ≡ (x, y) and N is a normal-
ization constant. The field equation in Eq. (17) thus
becomes
(∂2χ + χ)Υ(χ) = 0 , (20)
where
χ ≡ χ(z) = a− b z ≡ αβ−2/3 − β1/3 z ,
α =
(
1− 4 η)ω2 − ~k2⊥ − ξR0 ,
β = 4ω2 γ + ξR1 .
(21)
The solution of Eq. (20) can be expressed in terms of
Bessel functions
Υ(χ) =
√
χ
[
C1 J1/3
(
2
3
χ3/2
)
+ C2 J−1/3
(
2
3
χ3/2
)]
,
(22)
where C1 and C2 are constants. We note that χ ≫ 1
since β ≪ α. For this reason, we can rewrite Eq. (22)
as [34]
Υ(χ) ≃
√
3
π
√
χ
sin
[
2
3
χ3/2 + τ
]
. (23)
If we assume that the field ψ satisfies Dirichlet boundary
conditions on the plates, that is
ψ(z = 0) = ψ(z = L) = 0 , (24)
after some algebra, we find the relation
2
3
[
χ3/2
(
0
)− χ3/2(L)] = nπ, (25)
with n being an integer number.
From Eq. (25), we compute the energy spectrum,
which turns out to be
ω2n =
(
1+4η+2γ L
)[
~k2⊥+
(
nπ
L
)2]
+ ξ
[
R0+ 1
2
R1 L
]
.
(26)
Finally, we derive the normalization constant
N2n =
a b
3S ωn n
(
1− Φ0
) , (27)
by means of the scalar product of QFT in curved space-
times [33]
(
ψn, ψm
)
= −i
ˆ
V
√
gΣ n
µ dx dy dz
×
[(
∂µ ψn
)
ψ∗m − ψn
(
∂µ ψm
)∗]
.
(28)
Note that gΣ is the induced metric on a spacelike Cauchy
hypersurface Σ.
A. Vacuum density energy
In order to calculate the mean vacuum energy density
E between the plates, we use the general relation [33]
E = 1
VP
∑
n
ˆ
d2 ~k⊥
ˆ
dx dy dz
√
gΣ
(
g00
)−1
T00
(
ψn, ψ
∗
n
)
,
(29)
where
VP =
ˆ
dx dy dz
√
gΣ ≃ S L
[
1− 3Ψ0 − 3
2
Ψ1L
]
,
Tµν = ∂µ ψ ∂ν ψ − 1
2
gµνg
αβ∂α ψ ∂β ψ ,
with VP being the proper volume and T00
(
ψn, ψ
∗
n
)
a com-
ponent of the energy-momentum tensor.
Using the Schwinger proper-time representation and
the ζ-function regularization, we find the following ex-
pression for the mean vacuum energy density [32]:
E = −
[
1 + 3
(
Φ0 −Ψ0
)− (2Ψ1 − Φ1)LP
]
π2
1440L4P
+
ξR1
192LP
,
(30)
where LP is the proper length of the cavity, defined as
LP =
ˆ
dz
√
g33 ≃ L
[
1−Ψ0 − 1
2
Ψ1L
]
. (31)
5B. Pressure
The relevant physical observable of the Casimir effect
is the attractive force between the plates, defined by F =
− ∂E∂LP , where E = E VP is the Casimir vacuum energy.
From Eqs. (15), one gets5
F = −
[
1 + 3
(
Φ0 −Ψ0
)− 2
3
(2Ψ1 − Φ1)LP
]
π2 SP
480L4P
,
(32)
with SP being the proper area, defined as
SP =
ˆ
dx dy
√
g11g22 ≃ S [1− 2Ψ0 − Ψ1L] . (33)
By looking at Eq. (32), we can notice that the corrections
related to the curvature do not contribute to F .
If now we introduce the Casimir pressure as P = F/Sp,
we finally obtain
P = P0 + PG ,
P0 = − π
2
480L4P
,
PG =
[
3
(
Φ0 −Ψ0
)− 2
3
(2Ψ1 − Φ1)LP
]
P0 ,
(34)
where P0 is the Casimir pressure in the flat case, while
PG is the correction induced by gravity.
It must be emphasized that the quantity PG is the sum
of two distinct contributions, namely
PG = PGR + PQ , (35)
with PGR being the contribution of Einstein’s general
relativity and PQ the one arising from the quadratic part
of the gravitational action in Eq. (1).
The relations in Eqs. (32) and (34) give the corrections
to the Casimir pressure up to the second order O(m/R2).
Differently from the case of GR (where contributions to
the Casimir pressure appear only at the second order),
for quadratic theories of gravity one obtains corrections
already at O(m/R) provided that Φ0 6= Ψ0. This is an
interesting outcome, since this contribution allows us to
discriminate between GR and extended models of grav-
ity. Furthermore, we also want to remark that the first-
order correction increases the Casimir pressure, which is
instead decreased by the second-order one.
5 The same computation was made in Ref. [32], but the definition
of proper area was not correctly taken into account. Here, we ex-
hibit the correct expression for the force and the pressure. Hence,
Eqs. (30), (31) and (32) in Ref. [32] need to be substituted by
Eqs. (32), (34) and (36) of this paper, respectively.
C. Experimental constraints
The final step of our analysis consists in constraining
quadratic theories of gravity by means of the present ex-
perimental sensitivity.
Since we can impose the bound |PG| . δP , where δP is
the experimental error (as firstly discussed in Ref. [32]),
we then obtain∣∣∣∣3(Φ0 −Ψ0)− 23 (2Ψ1 − Φ1)LP
∣∣∣∣ . δPP0 , (36)
that gives the bound for the free parameters in the con-
text of quadratic theories of gravity. We want to stress
once again that, for theories whose potentials satisfy the
property Φ0 6= Ψ0, it is possible to immediately deduce a
constraint on the extra parameters, since Einstein’s gen-
eral relativity gives no contribution at the first order in
the corrections.
IV. APPLICATION TO SEVERAL QUADRATIC
THEORIES OF GRAVITY
Let us now apply the above formalism of the Casimir
effect to several quadratic theories of gravity. We con-
sider both local and non-local models and compute the
corresponding metric potentials and the linearized Ricci
scalar. Their knowledge is indispensable to study the dy-
namics of a scalar field between two plates in a slightly
curved background, and thus to constrain the parame-
ters of new physics appearing in such extended theories.
The Ricci scalar does not appear in the formula for the
pressure (see Eq. (32)), but we compute it for the sake
of completeness.
Note that the second term in the l.h.s. of Eq. (36) is
of order O (m/R2) for every analyzed theory, whereas
the first one goes like O (m/R). Since we assume R to
be large, when Φ 6= Ψ, we can safely neglect the second-
order contributions6 that stem from Ψ1 and Φ1.
We also want to stress that, in the case of Einstein’s
GR, Φ = Ψ = −Gm/r, and thus we recover the results
for the Casimir energy and the Casimir pressure obtained
in Ref. [27].
A. f(R)-gravity
We first address the easiest extension of the Einstein-
Hilbert action by including a Ricci squared contribution
with a constant form-factor
F1 = α , F2 = 0 =⇒ a = 1 , c = 1− 2α . (37)
6 These factors are also multiplied by LP , which makes our as-
sumption even stronger, given that the proper length of the cav-
ity is small.
6This choice belongs to the class of f(R) theories, where
the Lagrangian is truncated up to the order O(R2)
f(R) ≃ R+ αR2, (38)
and where the cosmological constant is set to zero.
For the above selection of the form-factors, the two
metric potentials in Eq. (12) become
Φ(r) = −Gm
r
(
1 +
1
3
e−m0r
)
,
Ψ(r) = −Gm
r
(
1− 1
3
e−m0r
)
,
(39)
where m0 = 1/
√
3α is the mass of the spin-0 massive
degree of freedom coming from the Ricci scalar squared
contribution.
The linearized Ricci scalar is given by
R = 2Gm
r
e−m0rm20 . (40)
Plugging the above expressions in Eq. (36), we have
e−m0R .
δP
P0
R
2Gm
. (41)
B. Stelle’s fourth order gravity
Let us now consider Stelle’s fourth order gravity [2],
which is achieved with the following form-factors:
F1 = α , F2 = β =⇒ a = 1+1
2
β, c = 1−2α− 1
2
β .
(42)
Differently from the previous case, the Ricci tensor
squared contribution in the action is clearly recognizable
through a constant, non-vanishing form-factor. It is pos-
sible to check that the gravitational action related to this
model turns out to be renormalizable [2].
For the above choice of the form-factors, the two metric
potentials in Eq. (12) now read
Φ(r) = −Gm
r
(
1 +
1
3
e−m0r − 4
3
e−m2r
)
,
Ψ(r) = −Gm
r
(
1− 1
3
e−m0r − 2
3
e−m2r
)
,
(43)
where m0 = 2/
√
12α+ β and m2 =
√
2/(−β) corre-
spond to the masses of the spin-0 and of the spin-2 mas-
sive mode, respectively.
In order to avoid tachyonic solutions, we need to re-
quire β < 0. In addition to that, the spin-2 mode is
a ghost-like degree of freedom. Such an outcome is not
surprising, since it is known that, for any local higher
derivative theory of gravity, ghost-like degrees of freedom
always appear [14].
The linearized Ricci scalar generated by a point-like
source and derived from the metric with potentials given
by Eq. (43) is the same as the one of Eq. (40)
R = 2Gm
r
e−m0rm20 . (44)
It is opportune to explain why the linearized Ricci scalar
for Stelle’s theory has the same form of the linearized
Ricci scalar in Eq. (40). Given the following two metric
potentials:
Φ(r) = −Gm
r
(
1 + a e−m0r + b e−m2r
)
,
Ψ(r) = −Gm
r
(
1 + c e−m0r + d e−m2r
)
,
(45)
the related linearized Ricci scalar is
R = 2Gm
r
(
(a− 2c) e−m0rm20 + (b− 2d) e−m2rm22
)
.
(46)
We can now understand that, in the case of Stelle’s the-
ory, the linearized Ricci scalar is given by Eq. (44), be-
cause b−2 d = −4/3−2 (−2/3) = 0. Thus, only the term
depending on m0 survives. We also want to stress that
the curvature invariant in Stelle’s theory is still singular
at r = 0.
The correction to the Casimir pressure P given by this
model is
∣∣e−m0R − e−m2R∣∣ . δPP0
R
2Gm
. (47)
As expected, for m2 → ∞ (β → 0) we immediately ob-
tain the same expression of Eq. (41).
C. Sixth order gravity
Here, we deal with a sixth order gravity model, which
is an example of super-renormalizable theory [14, 35, 36]
F1 = α , F2 = β
=⇒ a = 1 + 1
2
β2, c = 1− 2α2 − 1
2
β2 .
(48)
The form-factors of the two metric potentials in Eq. (12)
assume the following expression:
Φ(r)=−Gm
r
(
1 +
1
3
e−m0r cos(m0r)− 4
3
e−m2r cos(m2r)
)
,
Ψ(r)=−Gm
r
(
1− 1
3
e−m0r cos(m0r)− 2
3
e−m2r cos(m2r)
)
,
(49)
where the masses of the spin-0 and spin-2 degrees of free-
dom are now given by m0 = 2
−1/2(−3α − β)−1/4 and
m2 = (2 β)
−1/4, respectively.
This time, tachyonic solutions are avoided for −3α −
β > 0, which can be satisfied by the requirement α < 0
7and −3α > β, with β > 0. The current higher deriva-
tive theory of gravity has no real ghost-modes around
the Minkowski background but a pair of complex conju-
gate poles with equal real and imaginary parts [36], and
corresponds to the so called Lee-Wick gravity [37]. It is
worthwhile noting that in this higher derivative theory
the unitarity condition is not violated, indeed the optical
theorem still holds [3, 38, 39].
The linearized Ricci scalar for this model turns out to
be
R = 2Gm
r
sin(m0r) e
−m0rm20 . (50)
We remark that, in the linearized Ricci scalar, there is
no m2 dependence for the same reason explained before.
However, the crucial difference here is that the curvature
is regular at r = 0.
In this case, the bound on the pressure in Eq. (36)
becomes∣∣e−m0Rcos (m0R)− e−m2Rcos (m2R)∣∣ . δPP0
R
2Gm
.
(51)
This expression resembles the one of Eq. (47), apart from
oscillatory functions of the productsm0R andm2R. Fur-
thermore, as for the case of Stelle’s theory, in Eq. (51)
the limit m2 → ∞ smoothly approaches the outcome of
Eq. (41), with the only difference that now the periodic
function cos(m0R) is in principle not negligible.
D. Ghost-free infinite derivative gravity
We now wish to consider an example of ghost-free non-
local theory of gravity [19–24, 40–47]. For the sake of
clarity, we decide to adopt the simplest ghost-free choice
for the non-local form-factors [21]
F1 = −1
2
F2 = 1− e
−/M2
s
2
=⇒ a = c = e−/M2s ,
(52)
where Ms is the scale at which the non-locality of the
gravitational interaction should become manifest. Note
that, for the special ghost-free choice in Eq. (52), no ex-
tra degrees of freedom other than the massless transverse
spin-2 graviton propagate around the Minkowski back-
ground.
Since we have chosen a = c, the metric potentials of
Eq. (12) coincide
Φ(r) = Ψ(r) = −Gm
r
Erf
(
Ms r
2
)
, (53)
The corresponding linearized Ricci scalar is given by
R = GmM
3
s e
−M
2
s
r
2
4√
π
, (54)
which shows a Gaussian behavior induced by the presence
of non-local gravitational interaction, whose role is to
smear out the point-like source at the origin.
Since the two metric potentials coincide, we get no
contribution at the first order, but we can constrain such
a theory starting from the second-order correction. If this
is the case, then the equation for the constraint reads∣∣∣∣∣∣
e−
M
2
s
R
2
4 Ms√
π
− 1
R
Erf
(
MsR
2
)∣∣∣∣∣∣ .
δP
LPP0
3R
2Gm
. (55)
It is worth emphasizing that it would be very difficult
to constrain this kind of non-local theory with Solar sys-
tem’s experiments, since the non-locality of the gravita-
tional interaction described by the metric with the po-
tential in Eq. (53) is expected to become relevant only at
scales comparable to the Schwarzschild radius [24, 42, 43].
E. Non-local gravity with non-analytic form-factors
For the last case, we consider two models of non-local
infrared extension of Einstein’s general relativity, where
form-factors are non-analytic functions of . These the-
ories are inspired by quantum corrections to the effective
action of quantum gravity [48–54].
1. The first model is described by the following choice
of the form-factors:
F1 = α

, F2 = 0 =⇒ a = 1 , c = 1− 2α . (56)
The two metric potentials are infrared modifica-
tions of the Newtonian one
Φ(r) = −Gm
r
(
4α− 1
3α− 1
)
,
Ψ(r) = −Gm
r
(
2α− 1
3α− 1
)
.
(57)
Such a spacetime metric has a vanishing linearized
Ricci scalar,
R = 0 , (58)
but it is not Ricci-flat, since some components of
Rµν are non-vanishing.
The expression for the Casimir pressure correction
given by such a quadratic theory of gravity leads
to the bound∣∣∣∣ α3α− 1
∣∣∣∣ . δPP0
R
6Gm
. (59)
In the last Equation, if we treat α as a small pa-
rameter, we obtain the constraint
|α| . δPP0
R
6Gm
. (60)
Hence, differently from the other results, by per-
forming such an expansion it is possible to have a
direct access to the free parameter of the theoreti-
cal model, thus immediately obtaining a constraint
on it.
82. The non-local form factors for the second model are
F1 = β
2
, F2 = 0 =⇒ a = 1 , c = 1− 2β

. (61)
In this framework, the infrared modification is not a
constant, but the metric potentials show a Yukawa-
like behavior
Φ(r) = −Gm
r
4
3
(
1− 1
4
e−
√
3βr
)
,
Ψ(r) = −Gm
r
2
3
(
1 +
1
2
e−
√
3βr
)
.
(62)
The corresponding linearized Ricci scalar is non-
vanishing and negative
R = −6Gm
r
e−
√
3βr β . (63)
For this second example of non-local gravity with
non-analytic form-factors, we obtain the bound
∣∣∣1− e−√3βR∣∣∣ . δPP0
R
2Gm
. (64)
V. DISCUSSIONS AND CONCLUSIONS
In this paper, we have discussed the Casimir effect in
the context of quadratic theories of gravity. In particular,
we have focused our attention on the corrections to the
Casimir pressure which come from the gravitational sec-
tor that makes these models different from GR. We have
also described the possibility to infer several constraints
on the free parameters of the above theories in a com-
pletely transparent way, by relating them to the current
experimental errors. In all the analyzed contexts, we have
worked in the weak field regime, in which computations
related to the metric potentials and to the Casimir effect
are easy to carry out. This has proved to be convenient
in order to immediately separate the Casimir pressure in
all of its relevant contributions, as seen in Eq. (34).
A feature which is omnipresent in the outcomes of
Eqs. (41), (51), (55), (60) and (64) is that they all de-
pend on the quantity (δP/P0)(R/Gm). If we consider
the case of the Earth, and thus R ≡ R⊕, m ≡ M⊕, we
get
δP
P0
R⊕
GM⊕
≃ 106 , (65)
if we assume the value δP/P0 ≃ 10−3, stemming from
the current experimental precision [55].
In order to enhance the attained bounds, there is
the necessity either to implement the experiment of the
Casimir effect near another astrophysical object (which is
not the Earth) or to significantly improve the sensitivity
of the experimental instruments. For what concerns the
former, however, there is also the problem to adapt the
solution of the Klein-Gordon equation to the nature of
the spacetime that is under consideration. For instance,
in the case of blackholes the ratio R/Gm is substantially
lowered, but our formalism based on a linear regime is
no longer valid.
As a final observation, we want to focus the attention
one more time on the fact that the first-order corrections
to the pressure P in Eq. (34) cannot be attributable to
GR, since in Einstein’s theory Φ0 = Ψ0 . Hence, any
gravitational contribution to the Casimir pressure aris-
ing at this order is intimately connected to an extended
theory of gravity for which a 6= c (see Eq. (12)). From an
experimental point of view, such a consideration would
also imply a more stringent bound on the free parame-
ters of these models. In this perspective, future experi-
ments of the Casimir effect in curved background might
represent a powerful tool to test and constrain extended
theories of gravity.
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